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Abstract
In this paper we characterize the c-Boomerang Connectivity Table
(c 6= 0), for all monomial function xd in terms of characters and Weil
sums on the finite field Fpn . We further simplify these expressions for
the Gold functions xp
k+1 for all 1 ≤ k < n, p odd. It is the first such
complete description for the classical BCT and its relative c-BCT, for
all parameters involved.
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1 Introduction and basic definitions
For the first time, in this paper we find a characterization of the boomerang
connectivity table and its uncle, c-boomerang connectivity table (c-BCT) [23],
for all monomial functions in terms of characters of the relevant finite field
(all characteristics). We further detail that characterization for the Gold
functions xp
k+1 for all 1 ≤ k < n, where p is an odd prime. Since our
method mostly relies on finding some double Weil sums, it may have an
interest beyond its applicability in the computation of the c-BCT.
1
For a positive integer n and p a prime number, we let Fpn be the finite
field with pn elements, and F∗pn = Fpn \ {0} be the multiplicative group (for
a 6= 0, we often write 1a to mean the multiplicative inverse of a). We use |S|
to denote the cardinality of a set S and z¯, for the complex conjugate. We
call a function from Fpn to Fp a p-ary function on n variables. For positive
integers n andm, any map F : Fpn → Fpm is called a vectorial p-ary function,
or (n,m)-function. When m = n, F can be uniquely represented as a
univariate polynomial over Fpn (using some identification, via a basis, of the
finite field with the vector space) of the form F (x) =
∑pn−1
i=0 aix
i, ai ∈ Fpn .
For f : Fpn → Fp we define the absolute trace Trn : Fpn → Fp, given by
Trn(x) =
n−1∑
i=0
xp
i
(we will denote it by Tr, if the dimension is clear from the
context). The reader can consult [19] for more on this and related notions
in finite fields.
Given a vectorial p-ary function F , the derivative of f with respect to a ∈
Fpn is the p-ary function DaF (x) = F (x+a)−F (x), for all x ∈ Fpn. For an
(n, n)-function F , and a, b ∈ Fpn , we let ∆F (a, b) = #{x ∈ Fpn : Daf(x) =
b}. We call the quantity δF = max{∆F (a, b) : a, b ∈ Fpn, a 6= 0} the
differential uniformity of F . If δF = δ, then we say that F is differentially
δ-uniform.
For the interested reader, we point to [5, 7, 8, 12, 20, 25] for a proper
background on Boolean and p-ary functions.
As a follow up to Wagner’s work [28] on the boomerang attack against
block ciphers (see also [2, 15, 1, 16]) and Cid et al. [9] who introduced
the theoretical tool called the Boomerang Connectivity Table (BCT) and
Boomerang Uniformity, we defined in [23] the c-Boomerang Connectivity
Table (c-BCT) and analyzed some known perfect nonlinear as well as the
inverse function in even and odd characteristics.
Let F be a permutation on Fpn and (a, b) ∈ Fpn × Fpn . We define the
entries of the Boomerang Connectivity Table (BCT ) by
BF (a, b) = #{x ∈ F2n |F−1(F (x) + b)− F−1(F (x+ a) + b) = a},
where F−1 is the compositional inverse of F , and the boomerang uniformity
of F is βF = max
a,b∈Fpn∗
BF (a, b). We also say that F is a βF -uniform BCT
function. Surely, ∆F (a, b) = 0, 2
n and BF (a, b) = pn whenever ab = 0. We
know that δF = δF−1 , βF = βF−1 , and for permutations, βF ≥ δF and they
are equal for APN permutations. We mention here that this concept became
an object of study for many recent papers [3, 4, 6, 17, 18, 21, 26], to mention
just a few.
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Li et al. [17] (see also [21]) observed that
BF (a, b) = #
{
(x, y) ∈ Fpn × Fpn | F (x)+F (y)=bF (x+a)+F (y+a)=b
}
,
=
∑
γ∈Fpn
# {x ∈ Fpn |DγF (x) = b and DγF (x+ a) = b} ,
and therefore, the concept can be extended to non-permutations, since it
avoids the inverse of F .
Based upon our prior c-differential concept [13] (see also [14, 22, 24, 27]
for very recent work on that topic), we extended this notion recently in [23]
to the c-Boomerang Connectivity Table. For a p-ary (n,m)-function F :
Fpn → Fpm, and c ∈ Fpm , the (multiplicative) c-derivative of F with respect
to a ∈ Fpn is the function
cDaF (x) = F (x+ a)− cF (x), for all x ∈ Fpn.
For an (n, n)-function F , and a, b ∈ Fpn, we let the entries of the c-
Difference Distribution Table (c-DDT) be defined by c∆F (a, b) = #{x ∈
Fpn : F (x+ a)− cF (x) = b}. We call the quantity
δF,c = max {c∆F (a, b) | a, b ∈ Fpn , and a 6= 0 if c = 1}
the c-differential uniformity of F . If δF,c = δ, then we say that F is dif-
ferentially (c, δ)-uniform (or that F has c-uniformity δ, or for short, F is
δ-uniform c-DDT). We can recover all the classical perfect and almost per-
fect nonlinear functions, taking c = 1. It is easy to see that if F is an
(n, n)-function, that is, F : Fpn → Fpn , then F is PcN if and only if cDaF
is a permutation polynomial.
Further, for an (n, n)-function F , c 6= 0, and (a, b) ∈ Fpn × Fpn, we
define [23] the c-Boomerang Connectivity Table (c-BCT) entry at (a, b) to
be
cBF (a, b) = #
{
x ∈ Fpn
∣∣∣F−1(c−1F (x+ a) + b)− F−1(cF (x) + b) = a} .
and the c-boomerang uniformity of F is βF,c = max
a,b∈Fpn∗
cBF (a, b). If βF,c = β,
we also say that F is a β-uniform c-BCT function. We showed in [23] that we
can avoid inverses, thus allowing the definition to be extended to all (n,m)-
function, not only permutations. Precisely, the entries of the c-Boomerang
Connectivity Table at (a, b) ∈ Fpn × Fpn can be given by
cBF (a, b) = #
{
(x, y) ∈ Fpn × Fpn
∣∣∣ F (y)−cF (x)=b
F (y+a)−c−1F (x+a)=b
}
=
∑
γ∈Fpn
#
{
x ∈ Fpn | cDγF (x)=b and c−1DγF (x+a)=bthe c-boomerang system
}
.
3
The exact computation of the differential and/or boomerang uniformity
and its relative with respect to c seems to be quite difficult, even for mono-
mials. It is the purpose of this paper to characterize the c-BCT (c 6= 0) for
all monomials xd in terms of characters on the finite field Fpn, where p is any
prime number. We use that characterization to further describe the c-BCT
for all Gold functions xp
k+1, 1 ≤ k < n, p odd, and c 6= 0. In particular,
our result can be seen as a significant generalization of the known results,
where p = 2, gcd(n, k) = 1, 2, in which case the boomerang uniformity is 2,
respectively, 4.
2 A description of the c-BCT of the power map xd
in terms of characters on Fpn
We concentrate here on the c-boomerang uniformity of the power maps
xd over finite field Fpn. Let G be the Gauss’ sum G(ψ,χ) =
∑
z∈F∗q
ψ(z)χ(z),
where χ,ψ, are additive, respectively, multiplicative characters of Fq, q = p
n.
Below, we let χ1(a) = exp
(
2πıTr(a)
q
)
be the principal additive character, and
ψk
(
gℓ
)
= exp
(
2πikℓ
q−1
)
be the k-th multiplicative character of Fq, 0 ≤ k ≤
q − 2. We let ψ1 be the generator of the cyclic group of multiplicative
characters.
Theorem 1. Let F (x) = xd be a monomial function Fq, q = p
n, p a prime
number. Let c ∈ F∗q and b ∈ Fq. Then, the c-Boomerang Connectivity Table
entry cBF (a, ab) at (a, ab), a 6= 0, is given by
1
q
(
∆F,c(1, b) + ∆F,c−1(1, b)
)− 1 + 1
q2
∑
α,β∈Fq,αβ 6=0
χ1(−b(α+ β))Sα,β S−αc,−βc−1,
with
Sα,β =
∑
x∈Fq
χ1
(
αxd
)
χ1
(
β(x+ 1)d
)
=
1
(q − 1)2
q−2∑
j,k=0
G(ψ¯j , χ1)G(ψ¯k , χ1)
∑
x∈Fq
ψ1
(
(αxd)j(β(x+ 1)d)k
)
.
Proof. For b 6= 0 and fixed c 6= 1, the c-boomerang uniformity of xd is given
by max
b∈F∗
pn
cBF (1, b), where cBF (1, b) is the number of solutions in Fq × Fq,
4
q = pn, of the following system{
xd − cyd = b
(x+ 1)d − c−1(y + 1)d = b. (1)
We know that the number N(b) of of solutions (x1, . . . , xn) ∈ Fnq , for b fixed
of an equation f(x1, . . . , xn) = b is
N (b) = 1
q
∑
x1,...,xn∈Fq
∑
α∈Fq
χ1 (α (f(x1, . . . , xn)− b))
=
1
q
∑
x1,...,xn∈Fq
∑
χ∈F̂q
χ(f(x1, . . . , xn))χ(b),
where F̂q is the set of all additive characters of Fq, and χ1 is the prin-
cipal additive character of Fq. Next, note that the number of solutions
(x1, . . . , xn) ∈ Fnq of a system f1(x1, . . . , xn) = b1, f2(x1, . . . , xn) = b2 is
exactly
1
q2
∑
x1,...,xn∈Fq
∑
α,β∈Fq
χ1 (α (f1(x1, . . . , xn)− b1))χ1 (α (f2(x1, . . . , xn)− b2)) .
For our system (1), we see that the number of solutions for some a, b fixed
is therefore
Nb;c = 1
q2
∑
x,y∈Fq
∑
α,β∈Fq
χ1
(
α
(
xd − cyd − b
))
χ1
(
β
(
(x+ 1)d − c−1(y + 1)d − b
))
=
1
q2
∑
x,y∈Fq
∑
α,β∈Fq
χ1(−b(α+ β))χ1
(
αxd + β(x+ 1)d
)
χ1 (αcyd + βc−1(y + 1)d)
=
1
q2
∑
α,β∈Fq
χ1(−b(α+ β))
∑
x∈Fq
χ1
(
αxd + β(x+ 1)d
) ∑
y∈Fq
χ1 (αcyd + βc−1(y + 1)d).
We now, rewrite the above expression as (the term q2 comes from α = β = 0)
q2Nb;c + q2 =
∑
α∈Fq,β=0
χ1(−bα)
∑
x∈Fq
χ1
(
αxd
) ∑
y∈Fq
χ1
(
−αcyd
)
+
∑
α=0,β∈Fq
χ1(−bβ)
∑
x∈Fq
χ1
(
β(x+ 1)d
) ∑
y∈Fq
χ1
(
−βc−1(y + 1)d
)
+
∑
α,β∈Fq,αβ 6=0
χ1(−b(α+ β))
∑
x∈Fq
χ1
(
αxd + β(x+ 1)d
)
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·
∑
y∈Fq
χ1 (αcyd + βc−1(y + 1)d)
=
∑
x,y∈Fq
∑
α∈Fq
χ1
(
α
(
xd − cyd − b
))
+
∑
x,y∈Fq
∑
β∈Fq
χ1
(
β
(
(x+ 1)d − c−1(y + 1)d − b
))
+
∑
α,β∈Fq,αβ 6=0
χ1(−b(α+ β))
∑
x∈Fq
χ1
(
αxd + β(x+ 1)d
)
·
∑
y∈Fq
χ1 (αcyd + βc−1(y + 1)d)
=
∑
x,y∈Fq
∑
α∈Fq
χ1
(
α
(
xd − cyd − b
))
+
∑
x,y∈Fq
∑
β∈Fq
χ1
(
β
(
xd − c−1yd − b
))
+
∑
α,β∈Fq,αβ 6=0
χ1(−b(α+ β))
∑
x∈Fq
χ1
(
αxd + β(x+ 1)d
)
·
∑
y∈Fq
χ1 (αcyd + βc−1(y + 1)d)
= q∆F,c(1, b) + q∆F,c−1(1, b) +
∑
α,β∈Fq,αβ 6=0
χ1(−b(α+ β))Sα,β S−αc,−βc−1,
where Sα,β =
∑
x∈Fq
χ1
(
αxd + β(x+ 1)d
)
. Further, [19, Equation (5.17)]
relates the additive character χ to the cyclic group (of cardinality q − 1) of
all multiplicative characters ψ of Fq, via
χ1(w) =
1
q − 1
∑
z∈F∗q
χ1(z)
q−2∑
j=0
ψj(w)ψj(z) =
1
q − 1
q−2∑
j=0
G(ψ¯j , χ1)ψj(w),
where G is the Gauss’ sum G(ψ,χ) =
∑
z∈F∗q
ψ(z)χ(z). Using this, we get
Sα,β =
∑
x∈Fq
χ1
(
αxd
)
χ1
(
β(x+ 1)d
)
=
1
(q − 1)2
∑
x∈Fq
q−2∑
j,k=0
G(ψ¯j , χ1)G(ψ¯k, χ1)ψj
(
αxd
)
ψk
(
β(x+ 1)d
)
,
from which we infer our claim.
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Remark 1. In the previous theorem and the next ones, we could have embed-
ded the differential entries ∆F,c(1, b),∆F,c−1(1, b) into the character sums,
but we wanted to point out how the c-BCT entries depend upon the c-DUT
entries.
Remark 2. Surely, we could have written the previous theorem for any
function F , but we simply wanted it for the Gold functions from the next
section. We may come back to that idea for other functions.
3 The c-BCT for all Gold functions xp
k+1, p odd
We will now use this approach to push even further the above result for
the Gold function. It is perhaps the first result of this type that computes
the boomerang uniformity and its relative, the c-boomerang uniformity for
all functions in this class (we gave a lower bound in [23] the c-boomerang
uniformity). We will, in fact, find all entries in the c-BCT, including c = 1,
as well, for all c 6= 0.
We shall make use of the following result from [11] (we make slight
changes in notations and combine various results). Let 1 ≤ k < n, d =
gcd(n, k), and Sk(A,B) =
∑
x∈Fq
χ1
(
Axp
k+1 +Bx
)
. We let η = ψ(q−1)/2
be the quadratic character of Fq.
Theorem 3 ([11]). Let q = pn, n ≥ 2, p an odd prime, 1 ≤ k < n,
e = gcd(n, k). Let f(x) = Ap
k
xp
2k
+Ax, for some nonzero A. The following
statements hold:
(1) If f is a permutation polynomial over Fq, and x0 is the unique element
such that f(x0) = −Bpk , B 6= 0, then:
(i) If ne is odd, then
Sk(A,B) =
(−1)n−1
√
q η(−A)χ1(Axpk+10 ) if p ≡ 1 (mod 4)
(−1)n−1ı3n√q η(−A)χ1(Axpk+10 ) if p ≡ 3 (mod 4).
(the solution x0 = −12
∑n
e
−1
j=0 (−1)jA
−
p(2j+1)k+1
pk+1 Bp
(2j+1)k
).
(ii) If ne is even, then n = 2m, A
q−1
pe+1 6= (−1)me and
Sk(A,B) = (−1)
m
e pm χ1(Ax
pk+1
0 ).
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(2) If f is not a permutation polynomial, then, for B 6= 0, Sk(A,B) = 0,
unless, f(x) = −Bpk has a solution x0 (this can only happen if ne is
even with n = 2m, and A
q−1
pe+1 = (−1)me ), in which case
Sk(A,B) = (−1)
m
e
+1pm+eχ1(Ax
pk+1
0 ).
The proof of our results are long and complicated, so we will split the
analysis into several cases c = 1, c = −1, etc., and record each case in
a separate theorem. The goal in each case is to make more explicit the
expressions of Theorem 1 for the Gold functions.
We need some notations below. For 1 ≤ k < n, let α, β ∈ Fpn , Lα,β(x) =
(α+β)xp
2k
+(βp
n−k
+β)x and Y1, Y2 be the set of (α, β) ∈ F∗2pn where Lα,β,
respectively, L−αc,−βc−1 are not permutations.
Further, let A1 be the set of all (α, β) ∈ F∗2pn such that Lα,β(x) = −(β +
βp
k
) has a root xα,β, and α, β satisfy (with d = gcd(2k, n))
(−1)nd
(
βp
n−k
+ β
α+ β
) pn−1
pd−1
= 1,
(hence, Lα,β is not a permutation polynomial [29]). Observe that the left
hand side expression is just the relative norm from Fpn to Fpd of the argu-
ment. Similarly, let A2 be the set of all (α, β) ∈ F∗2pn such that L−αc,−βc−1(x) =
(βc−1 + (βc−1)p
k
) has a root x−αc,−βc−1 , and α, β satisfy
(−1)nd
(
(c−1β)p
n−k
+ c−1β
αc+ βc−1
) pn−1
pd−1
= 1
(hence, L−αc,−βc−1 is not a permutation polynomial).
We showed in Theorem 1 that cBF (a, ab) equals (we let q = p
n)
1
q
(
∆F,c(1, b) + q∆F,c−1(1, b)
)−1+ 1
q2
∑
α,β∈Fq,αβ 6=0
χ1(−b(α+β))Sα,β S−αc,−βc−1,
(2)
where Sα,β =
∑
x∈Fq
χ1
(
αxd
)
χ1
(
β(x+ 1)d
)
, and d = pk + 1. We let Tb =∑
α,β∈Fq,αβ 6=0
χ1(−b(α+ β))Sα,β S−αc,−βc−1.
We now concentrate on Sα,β, for αβ 6= 0. Using the fact that χ1(up) =
χ1(u) for u ∈ Fq, we compute
Sα,β =
∑
x∈Fq
χ1
(
αxp
k+1 + β(x+ 1)p
k+1
)
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=
∑
x∈Fq
χ1
(
(α+ β)xp
k+1 + βxp
k
+ βx+ β)
)
=
∑
x∈Fq
χ1
(
(α+ β)xp
k+1
)
χ1
(
(βp
n−k
x)p
k
)
χ1(βx+ β)
=
∑
x∈Fq
χ1
(
(α+ β)xp
k+1
)
χ1
(
βp
n−k
x
)
χ1(βx+ β)
=
∑
x∈Fq
χ1
(
(α+ β)xp
k+1
)
χ1
(
(βp
n−k
+ β)x+ β
)
= χ1(β)
∑
x∈Fq
χ1
(
(α+ β)xp
k+1 + (βp
n−k
+ β)x
)
.
Let A := α + β,B = βp
n−k
+ β (recall αβ 6= 0). If α = −β = βpn−k
(the last identity can only happen for ne even, where e = gcd(n, k)), then
Sα,β = qχ1(β) (there are p
e− 1 such nonzero β’s, since β 6= 0, βpn−k +β = 0
is equivalent to βp
k−1 + 1 = 0). If α = −β 6= βpn−k , then Sα,β = 0. If
α 6= −β = βpn−k , then we use [10, Theorem 1 and 2] (observe that the case
n
e odd does not happen), obtaining that for
n
e is even (thus, n = 2m), then
(with A = α+ β; we simplify a bit the original statement)
Sα,β =
{
(−1)me pm χ1(β) if A
q−1
pe+1 6= (−1)me
(−1)me +1 pm+e χ1(β) if A
q−1
pe+1 = (−1)me .
We next assume that α 6= −β 6= βpn−k . We shall now be using Theo-
rem 3, which gives explicitly the sum Sk(A,B) =
∑
x∈Fq
χ1
(
Axp
k+1 +Bx
)
depending upon whether Lα,β(x) = (α
pk + βp
k
)xp
2k
+ (α+ β)x is a permu-
tation polynomial or not.
Now, it is known that a linearized polynomial of the form Lr(x) =
xp
r
+ γx ∈ Fpn is a permutation polynomial if and only if the relative norm
NFpn/Fpd
(γ) 6= 1, that is, (−1)n/dγ(pn−1)/(pd−1) 6= 1, where d = gcd(n, r).
For our polynomial Lα,β = (α+β)x
p2k+(βp
n−k
+β)x, (dividing by α+β 6= 0)
the previous nonpermutability condition becomes (with d = gcd(2k, n))
(−1)nd
(
βp
n−k
+ β
α+ β
) pn−1
pd−1
= 1. (3)
Surely, there are p
n−1
pd−1
roots for the equation x
pn−1
pd−1 = (−1)nd , forming a set
X1 of cardinality
pn−1
pd−1
. We then see that for an arbitrary γ ∈ X1, and any
9
β ∈ Fpn , then there is a unique α ∈ Fpn such that β
pn−k+β
α+β = γ, namely
α = β
pn−k+β−βγ
γ . Therefore, there are ≤ p
n(pn−1)
pd−1
pairs α, β forming a set Y1
(with the restrictions α 6= −β 6= βpn−k) such that Lα,β is not a permutation
(the reason that the number of pairs is not precisely p
n(pn−1)
pd−1
is because more
than one β may generate the same α if the linearized xp
n−k
+(1−γ)x is not
a permutation polynomial). Let A1 ⊆ Y1 be the subset of all (α, β) ∈ Y1
such that Lα,β(x) = −(β + βpk) has at least a root xα,β. Surely, if Lα,β is
not a permutation on Fq and Lα,β = −(β+βpk) has no root, then Sα,β = 0.
If Lα,β is not a PP (abbreviation of “permutation polynomial”), but the
linearized equation has a root (hence, by Theorem 3, ne is even), then for all
(α, β) ∈ A1 (note that the cardinality of |A1|≤ p
n(pn−1)
pd−1
), then
Sα,β = (−1)
n
2e
+1p
n
2
+eχ1(β)χ1
(
(α+ β)xp
k+1
α,β
)
.
In addition, again, by Theorem 3, when ne is even and Lα,β is a permu-
tation on Fq and xα,β is the root of Lα,β = −(β + βpk) then
Sα,β = (−1)
n
2e p
n
2 χ1(β)χ1
(
(α+ β)xp
k+1
α,β
)
.
Finally, if ne is odd and Lα,β is a permutation on Fq and xα,β is the root
of Lα,β = −(β + βpk), then Sα,β equals
(−1)n−1√q χ1(β)η(−α − β)χ1((α + β)xpk+1α,β ), if p ≡ 1 (mod 4)
(−1)n−1ı3n√q χ1(β)η(−α − β)χ1((α + β)xpk+1α,β ), if p ≡ 3 (mod 4).
We take X2,Y2,A2 to be the corresponding sets as above, where α, β
are replaced by −αc,−βc−1, respectively.
3.1 The case c = 1
Observe that the conditions α = −β, −β = βpn−k , and −cα = cβ, cβ =
(−cβ)pn−k are the equivalent, when c = 1. We here use the notation
Σ1 =
∑
A,A
q−1
pe+1=(−1)
m
e
χ1(−bA).
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First, if ne is odd, and p ≡ 1 (mod 4), α 6= −β 6= βp
n−k
and Lα,β is a
permutation (as well as, L−α,−β) (recall that (α, β) ∈ Y1), then
Sα,βS−α,−β =q χ1(β)η(−α − β)χ1((α+ β)xp
k+1
α,β )
· χ1(−β)η(α + β)χ1(−(α+ β)xpk+1α,β ) = q(−1)n,
and so,
T
(p)
b = (−1)npn
∑
(α,β)∈Y¯1
χ1(−b(α+ β)).
Similarly, in the same case, if p ≡ 3 (mod 4), then (there are two extra
copies of ı3n rendering a factor of (−1)n)
Sα,βS−α,−β = (−1)nq η(−1) = q,
therefore,
T
(p)
b = p
n
∑
(α,β)∈Y¯1
χ1(−b(α+ β)).
Therefore, when ne is odd, we can uniquely write this as
Tb = (−1)n
p+1
2 pn
∑
(α,β)∈Y¯1
χ1(−b(α+ β)).
If 0 6= α = −β = βpn−k (there are pe − 1 such roots β), so, ne is even,
then Sα,β = qχ1(β), S−α,−β = qχ1(−β), and so,
Tb,1 =
∑
06=α=−β=βpn−k
χ1(−b(α+ β))Sα,βS−α,−β
= p2n
∑
06=α=−β=βpn−k
χ1(−b(α+ β))χ1(β)χ1(−β) = p2n(pe − 1).
Assume α 6= −β = βpn−k , so ne is even. We observe that either both
α+ β,−(α+ β) satisfy X q−1pe+1 = (−1)me , or none will do. Furthermore,
Sα,βS−α,−β =
{
pn if A
q−1
pe+1 6= (−1)me
pn+2e if A
q−1
pe+1 = (−1)me .
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Thus, if A
q−1
pe+1 = (−1)me , then
Tb,2 = p
n+2e
∑
α,β∈F∗q
A
q−1
pe+1=(−1)
m
e
χ1(−b(α+ β))
= pn+2e
∑
A,A
q−1
pe+1=(−1)
m
e
∑
β∈F∗q
χ1(−bA)
= pn+2e(pn − 1)Σ1.
If A
q−1
pe+1 6= (−1)me , A 6= 0 (since α 6= −β), then
Tb,3 = p
n
∑
α,β∈F∗q
A
q−1
pe+1 6=(−1)
m
e
χ1(−b(α+ β)) = pn(pn − 1)
∑
A 6=0
A
q−1
pe+1 6=(−1)
m
e
χ1(−bA)
= pn(pn − 1)
∑
A∈Fq
χ1(−bA)−
∑
A,A
q−1
pe+1=(−1)
m
e
χ1(−bA)− 1

= −pn(pn − 1) (1 + Σ1) .
Now, let α 6= −β 6= βpn−k and ne even. Then (we assume that xα,β is a
root of Lα,β(x) = −(β+βpk), if it exists; observe also that that root happens
for L−α,−β(x) = (−β) + (−β)pk , as well),
Sα,βS−α,−β =
p
nχ1
(
−2Axpk+1α,β
)
if Lα,β is PP
pn+2eχ1
(
−2Axpk+1α,β
)
if Lα,β is not PP.
In this case, then,
Tb,4 = p
n+2e
∑
(α,β)∈A1
χ1
(
(α+ β)
(
2xp
k+1
α,β + b
))
+ pn
∑
(α,β)∈Y¯1
χ1
(
(α+ β)
(
2xp
k+1
α,β + b
))
.
Thus, when ne is even,
Tb = Tb,1 + Tb,2 + Tb,3 + Tb,4.
We record what we have shown below.
12
Theorem 4. Let F (x) = xp
k+1, 1 ≤ k < n, be the Gold function on Fpn, p
and odd prime, n ≥ 2, and c = 1. The Boomerang Connectivity Table entry
of F at (a, ab) is cBF (a, ab) = q + 1
q
∆F − 1 + 1
q2
Tb, where:
(i) If ne is odd, then
Tb = (−1)n
p+1
2 pn
∑
(α,β)∈Y¯1
χ1(−b(α + β)).
(ii) If ne even, then, with A = α+ β and Σ1 =
∑
α,β∈F∗q
A
q−1
pe+1=(−1)
m
e
χ1(−bA),
Tb =
(
p2n+e − 2p2n + pn)+ (p2n+2e − pn+2e − p2n + pn)Σ1
+ pn+2e
∑
(α,β)∈A1
χ1
(
(α+ β)
(
2xp
k+1
α,β + b
))
+ pn
∑
(α,β)∈Y¯1
χ1
(
(α+ β)
(
2xp
k+1
α,β + b
))
.
3.2 The case c = −1
In this case, Sα,β = S−αc,−βc−1. In addition to Σ1 from Theorem 4, we let
Σ2 =
∑
βpk−1+1=0
χ1(2β).
If ne is odd and α 6= −β 6= βp
n−k
, then
(Sα,β)
2 = pnχ1
(
2β − 2(α + β)xpk+1α,β
)
if Lα,β is PP, p ≡ 1 (mod 4),
(Sα,β)
2 = (−1)npnχ1
(
2β − 2(α + β)xpk+1α,β
)
if Lα,β is PP, p ≡ 3 (mod 4).
We then get, if Lα,β is a PP, then
T
(p)
b = p
n
∑
(α,β)∈Y¯1
χ1
(
2β −A
(
b+ 2xp
k+1
α,β
))
if p ≡ 1 (mod 4)
T
(p)
b = (−1)npn
∑
(α,β)∈Y¯1
χ1
(
2β −A
(
b+ 2xp
k+1
α,β
))
if p ≡ 3 (mod 4).
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Therefore, if ne is odd, then, we can write this uniquely as
Tb = (−1)n
p−1
2 pn
∑
(α,β)∈Y¯1
χ1
(
2β −A
(
b+ 2xp
k+1
α,β
))
.
If ne is even and 0 6= α = −β = βp
n−k
, then
Tb,1 =
∑
06=α=−β=βpn−k
χ1(−b(α+ β)) (Sα,β)2
= p2n
∑
β,βpk−1+1=0
χ1(2β) = p
2nΣ2.
If ne is even (n = 2m) and 0 6= α 6= −β = βp
n−k
, then
(Sα,β)
2 =
{
pn+2eχ1(2β) if A
q−1
pe+1 = (−1)me
pnχ1(2β) if A
q−1
pe+1 6= (−1)me
Thus, if ne is even, 0 6= α 6= −β = βp
n−k
and A
q−1
pe+1 = (−1)me , then
Tb,2 = p
n+2e
∑
α,β∈F∗q ,β
pk−1+1=0
A
q−1
pe+1=(−1)
m
e
χ1(−b(α+ β))χ1(2β)
= pn+2e
∑
A,A
q−1
pe+1=(−1)
m
e
χ1(−bA)
∑
β,βpk−1+1=0
χ1(2β) = p
n+2eΣ1Σ2.
If ne is even, 0 6= α 6= −β = βp
n−k
and A
q−1
pe+1 6= (−1)me (note that A 6= 0),
then
Tb,3 = p
n
∑
α,β∈F∗q ,β
pk−1+1=0
A 6=0,A
q−1
pe+1 6=(−1)
m
e
χ1(2β − b(α+ β))
= pn
∑
β,βpk−1+1=0
χ1(2β)
∑
A 6=0
A
q−1
pe+1 6=(−1)
m
e
χ1(−bA)
= −pnΣ1
 ∑
A,A
q−1
pe+1=(−1)
m
e
χ1(−bA) + 1

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= −pnΣ2 (Σ1 + 1) .
Now, we let ne be even and α 6= −β 6= βp
n−k
. Then (we assume that xα,β is
a root of Lα,β(x) = −(β + βpk), if it exists),
(Sα,β)
2 =
p
n+2eχ1(2β)χ1
(
2Axp
k+1
α,β
)
if Lα,β is not PP
pnχ1(2β)χ1
(
2Axp
k+1
α,β
)
if Lα,β is PP.
In this case, then,
Tb,4 = p
n+2e
∑
(α,β)∈A1
χ1
(
2β − (α+ β)
(
2xp
k+1
α,β + b
))
+ pn
∑
(α,β)∈Y¯1
χ1
(
2β − (α+ β)
(
2xp
k+1
α,β + b
))
.
Therefore, if ne is even, then
Tb = Tb,1 + Tb,2 + Tb,3 + Tb,4
= p2nΣ1 + p
n+2eΣ1Σ2 − pnΣ1(Σ2 + 1)
+ pn+2e
∑
(α,β)∈A1
χ1
(
2β − (α+ β)
(
2xp
k+1
α,β + b
))
+ pn
∑
(α,β)∈Y¯1
χ1
(
2β − (α + β)
(
2xp
k+1
α,β + b
))
= pn(pn − 1)Σ2 + pn(p2e−1 − 1)Σ1Σ2
+ pn+2e
∑
(α,β)∈A1
χ1
(
2β − (α+ β)
(
2xp
k+1
α,β + b
))
+ pn
∑
(α,β)∈Y¯1
χ1
(
2β − (α + β)
(
2xp
k+1
α,β + b
))
.
We record this result next: recall that below, xα,β is the root of Lα,β(x) =
−(βpk + β), which always exists if (α, β) ∈ A1 ∪ Y¯1, and
Σ1 =
∑
A,A
q−1
pe+1=(−1)
m
e
χ1(−bA), Σ2 =
∑
βpk−1+1=0
χ1(2β).
Theorem 5. Let F (x) = xp
k+1, 1 ≤ k < n, be the Gold function on Fpn,
p and odd prime, n ≥ 2, and c = −1. The (−1)-Boomerang Connectivity
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Table entry of F at (a, ab) is cBF (a, ab) = q + 1
q
∆F,−1(1, b) − 1 + 1
q2
Tb,
where:
(i) If ne is odd, then
Tb = (−1)n
p−1
2 pn
∑
(α,β)∈Y¯1
χ1
(
2β −A
(
b+ 2xp
k+1
α,β
))
.
(ii) If ne is even,
Tb = p
n(pn − 1)Σ1 + pn(p2e − 1)Σ1Σ2
+ pn+2e
∑
(α,β)∈A1
χ1
(
2β − (α+ β)
(
2xp
k+1
α,β + b
))
+ pn
∑
(α,β)∈Y¯1
χ1
(
2β − (α+ β)
(
2xp
k+1
α,β + b
))
.
3.3 The case cp
k−1 = 1
Since they were treated earlier, we assume here that c 6= ±1. In this case,
the conditions −β = βpn−k , and c−1β = (−c−1β)pn−k are equivalent. We
will be using below that if −β = βpn−k (which is the same as βpk−1 = −1, or,
even further, βp
e−1 = −1); this can happen only if ne is even), then β
q−1
pe+1 =
(−1)me . This follows from the following computation (let n = 2m = 2et, so
t = me ):
β
q−1
pe+1 = β(p
e−1)(p2e(t−1)+···+p2e+1) = (−1)t = (−1)me .
We first assume that ne is odd, n = 2m, e = gcd(n, k), and α 6= −β 6=
βp
n−k
. As before, the only relevant case is −αc 6= βc−1 6= (−βc−1)pn−k and
both Lα,β, L−αc,−βc−1 are permutations, surely on Y¯1 ∩ Y¯2. Then,{
pnη((α + β)(−αc− βc−1))χ1(β(1 − c−1)) if p ≡ 1 (mod 4)
pn(−1)nη(α+ β)η(−αc − βc−1)χ1(β(1− c−1)) if p ≡ 3 (mod 4),
and so,
Tb = p
n(−1)n p−12
∑
(α,β)∈Y¯1∩Y¯2
χ1(−b(α+β)+β(1−c−1))η((α+β)(−αc−βc−1)).
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We continue now with ne being even. If α = −β = βp
n−k
, then surely
−αc 6= βc−1 = (−c−1β)pn−k . From here on until the end of the subsection,
we let A = α+ β,A′ = −cα− c−1β. Observe that if α = −β = βpn−k , then
A′
q−1
pe+1 = (1− c−1) q−1pe+1 (−1)me = (c− 1) q−1pe+1 (−1)me . We label in this section
Σ3 =
∑
−β=βpn−k
χ1
(
β(1− c−1)). Thus, if ne is even and α = −β = βpn−k
(and −αc 6= βc−1 = (−c−1β)pn−k), then
Sα,βS−αc,βc−1 =
{
pn+m(−1)me χ1
(
β(1− c−1)) if A′ q−1pe+1 = (−1)me
pn+m+e(−1)me +1χ1
(
β(1− c−1)) if A′ q−1pe+1 6= (−1)me ,
and so, if A′
q−1
pe+1 = (−1)me , that is (c− 1) q−1pe+1 = 1,
Tb,1 = p
n+m(−1)me
∑
06=α=−β
−β=βp
n−k
χ1(−b(α+ β))χ1
(
β(1 − c−1))
= pn+m(−1)me
∑
06=−β=βpn−k
χ1
(
β(1 − c−1)) = pn+m(−1)me Σ3.
If A′
q−1
pe+1 6= (−1)me , that is, (c− 1) q−1pe+1 6= 1,
Tb,2 = p
n+m+e(−1)me +1
∑
−β 6=βpn−k
χ1
(
β(1 − c−1))
= pn+m+e(−1)me +1
−1− ∑
06=−β=βpn−k
χ1
(
β(1 − c−1))

= pn+m+e(−1)me +1(−1− Σ3).
If ne is even and α 6= −β = βp
n−k
, there are two subcases: −αc 6=
βc−1 = (−βc−1)pn−k , and −αc = βc−1 = (−βc−1)pn−k (this can only happen
for α = −βc−2). Here, for easy writing, we let C, C′ be the set of (α, β)
satisfying the conditions A
q−1
pe+1 = (−1)me , respectively, A′ q−1pe+1 = (−1)me .
We write C△C′ = (C \ C′) ∪ (C′ \ C) for the symmetric difference.
In the first subcase (α 6= −βc−2), we get
Sα,βS−αc,βc−1 =

pn+2eχ1(β(1 − c−1)) on C ∩ C′
−pn+eχ1(β(1− c−1)) on C△C′
pnχ1(β(1 − c−1)) on C¯ ∩ C¯′
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We now look at the second subcase (α = −βc−2) (note that in this case,
A
q−1
pe+1 = (−1)me reduces to (c2 − 1) q−1pe+1 = 1). Using the fact that cpe = c,
then (with m = te)
(c2 − 1) q−1pe+1 = (c2 − 1)(pe−1)(p2e(t−1)+···+p2e+1
=
(
(c2 − 1)p2e(t−1)+···+p2e+1
)pe−1
=
(
t∏
i=1
(c2 − 1)p2e(t−i)
)pe−1
=
(
t∏
i=1
(c2p
2e(t−i) − 1)
)pe−1
=
(
t∏
i=1
(c2 − 1)
)pe−1
= (c2 − 1)t(pe−1) =
(
(c2 − 1)pe
c2 − 1
)t
= (c2 − 1)t(pe−1)
=
((
cp
e)2 − 1
c2 − 1
)t
= 1,
and so, A
q−1
pe+1 = (−1)me holds automatically.
Thus,
Sα,βS−αc,βc−1 = p
nχ1
(−βc−1) (−1)me pmχ1(β) = (−1)me pn+mχ1(β(1 − c−1)),
and so,
Tb,3 = p
n+2e
∑
α,β∈C∩C′
α6=−β=βp
n−k
06=α6=−βc−2 6=0
χ1(−b(α+ β))χ1(β(1− c−1))
− pn+e
∑
α,β∈C△C′
α6=−β=βp
n−k
06=α6=−βc−2 6=0
χ1(−b(α+ β))χ1(β(1 − c−1))
+ pn
∑
α,β∈C¯∩C¯′
α6=−β=βp
n−k
06=α6=−βc−2 6=0
χ1(−b(α+ β))χ1(β(1− c−1))
+ pn+m(−1)me
∑
βp
k
−1=−1
α=−βc−2
χ1(β(1 − c−1))χ1(−b(β − βc−2)).
Next, when α 6= −β 6= βpn−k , the case −αc = βc−1 6= (−βc−1)pn−k
renders S−αc,βc−1 = 0. Thus, it is sufficient to assume next, when
n
e is
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even, that α 6= −β 6= βpn−k and −αc 6= βc−1 6= (−βc−1)pn−k . We first
investigate the condition from Equation (3) when Lα,β, L−αc,βc−1 are PP,
under cp
k−1 = 1, that is, cp
e−1 = 1. We compute (n = dt = 2et, since ne is
even), using p
n−1
pd−1
= p2e(t−1) + · · ·+ p2e + 1,
(
(βc−1)p
n−k
+ βc−1
αc+ βc−1
) pn−1
pd−1
=
(
c−p
n−k
βp
n−k
+ βc−1
αc+ βc−1
) pn−1
pd−1
=
(
c1−p
n−k
βp
n−k
+ β
αc2 + β
) pn−1
pd−1
=
(
βp
n−k
+ β
αc2 + β
) pn−1
pd−1
, since pe − 1 | pn−k − 1.
Summarizing, Lα,β, L−αc,βc−1 are not PP if and only if
(
βp
n−k
+β
α+β
)pn−1
pd−1
=
(−1)nd (condition (L1)), respectively,
(
βp
n−k
+β
αc2+β
) pn−1
pd−1
= (−1)nd (condition
(L2)). Surely, Lα,β, L−αc,βc−1 are not PP if and only if
(
αc2+β
α+β
) pn−1
pd−1 = 1.
We are now ready to find the relevant products. Given the prior defini-
tion of the sets Ai, Y¯i, i = 1, 2, we modify them to impose also α 6= βc−2,
and write them as A ′i , Y˜
′
i , i = 1, 2. First,
Sα,βS−αc,βc−1 = p
n+2eχ1
(
β + (α + β)xp
k+1
α,β
)
χ1
(
−βc−1 − (αc+ βc−1)xpk+1
−αc,−βc−1
)
,
if neither Lα,β, L−αc,βc−1 is PP (thus, (α, β) ∈ A ′1 ∩A ′2). Secondly,
Sα,βS−αc,βc−1 = p
n+eχ1
(
β + (α+ β)xp
k+1
α,β
)
χ1
(
−βc−1 − (αc+ βc−1)xpk+1
−αc,−βc−1
)
,
if exactly one of Lα,β, L−αc,βc−1 is PP (thus, (α, β) ∈ (A ′1 ∩ Y˜2)∪ (A ′2 ∩ Y˜1)).
Lastly,
Sα,βS−αc,βc−1 = p
nχ1
(
β + (α+ β)xp
k+1
α,β
)
χ1
(
−βc−1 − (αc+ βc−1)xpk+1
−αc,−βc−1
)
,
if both Lα,β, L−αc,βc−1 are PP (thus, (α, β) ∈ Y˜1 ∩ A˜2).
With the notation
Σ(L) =
∑
(α,β)∈L
χ1
(
β + (α+ β)
(
x
pk+1
α,β − b
))
· χ1
(
−βc−1 − (αc+ βc−1)xpk+1
−αc,−βc−1
)
,
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we obtain
Tb,4 = p
n+2eΣ
(
A
′
1 ∩A ′2
)
+ pn+eΣ
(
(A ′1 ∩ Y˜2) ∪ (A ′2 ∩ Y˜1)
)
+ pnΣ
(
Y˜1 ∩ A˜2
)
.
Therefore, when ne is even, then
Tb = Tb,1 + Tb,2 + Tb,3 + Tb,4.
We now record what we have shown in the next theorem. We recall that
Σ3 =
∑
−β=βpn−k
χ1
(
β(1 − c−1)). Further, C, C′ is the set of (α, β) satisfying
the conditions A
q−1
pe+1 = (−1)me , respectively, A′ q−1pe+1 = (−1)me , where A =
α+ β,A′ = −αc− βc−1.
Theorem 6. Let F (x) = xp
k+1, 1 ≤ k < n, be the Gold function on Fpn, p
and odd prime, n ≥ 2, and cpk−1 = 1, c 6= ±1. The (−1)-Boomerang Con-
nectivity Table entry of F at (a, ab) is cBF (a, ab) = 1
q
(
∆F,c(1, b) + q∆F,c−1(1, b)
)−
1 +
1
q2
Tb, where:
(i) If ne is odd, then
Tb = p
n(−1)n p−12
∑
(α,β)∈Y¯1∩Y¯2
χ1(−b(α+ β) + β(1− c−1))η((α + β)(−αc− βc−1)).
(ii) If ne is even (n = 2m),
Tb = p
n+m(−1)me Σ3 + pn+m+e(−1)me +1(−1− Σ3)
+ pn+2e
∑
α,β∈C∩C′
α6=−β=βp
n−k
06=α6=−βc−2 6=0
χ1(−b(α+ β))χ1(β(1 − c−1))
− pn+e
∑
α,β∈C△C′
α6=−β=βp
n−k
06=α6=−βc−2 6=0
χ1(−b(α+ β))χ1(β(1− c−1))
+ pn
∑
α,β∈C¯∩C¯′
α6=−β=βp
n−k
06=α6=−βc−2 6=0
χ1(−b(α+ β))χ1(β(1 − c−1))
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+ pn+m(−1)me
∑
βp
k
−1=−1
α=−βc−2
χ1
(
β(1− c−1)(1− b(1 + c−1))
+ pn+2eΣ
(
A
′
1 ∩A ′2
)
+ pn+eΣ
(
(A ′1 ∩ Y˜2) ∪ (A ′2 ∩ Y˜1)
)
+ pnΣ
(
Y˜1 ∩ A˜2
)
.
3.4 The general case
We can surely find an expression for the c-BCT for cp
k−1 6= 1, but it is
going to be slightly complicated, although, as we mentioned, computing the
boomerang uniformity is a difficult endeavor.
As in the previous results, for c ∈ Fpn , cpk−1 6= 0, the c-Boomerang
Connectivity Table entry of F (x) = xp
k+1 at (a, ab) is
cBF (a, ab) = 1
q
(
∆F,c(1, b) + q∆F,c−1(1, b)
) − 1 + 1
q2
Tb,
where Tb =
∑
α,β∈Fq,αβ 6=0
χ1(−b(α + β))Sα,β S−αc,−βc−1
When ne is odd, then Tb is the same as for the case of c
pk−1 = 1, c 6= ±1,
namely,
Tb = p
n(−1)n p−12
∑
(α,β)∈Y¯1∩Y¯2
χ1(−b(α+ β) + β(1− c−1))η((α + β)(−αc− βc−1)).
For even ne , we will not write the Tb expressions, rather we will find
just the products Sα,βS−αc,−βc−1 . When
n
e is even, and α = −β = βp
n−k
,
then either −αc = βc−1 = (−βc−1)pn−k (in which case S−αc,−βc−1 = 0), or
−αc 6= βc−1 6= (−βc−1)pn−k , in which case Sα,βS−αc,−βc−1 equalsp
n+m+e(−1)me +1χ1
(
β(1− c−1) + (αc+ βc−1)xpk+1
−αc,−βc−1
)
, (α, β) ∈ A2
pn+m(−1)me χ1
(
β(1 − c−1) + (αc+ βc−1)xpk+1
−αc,−βc−1
)
, (α, β) ∈ Y¯2.
Similarly, when ne is even, and −αc = βc−1 = (−βc−1)p
n−k
, α 6= −β 6=
βp
n−k
, and Sα,βS−αc,−βc−1 equalsp
n+m+e(−1)me +1χ1
(
β(1− c−1)− (α+ β)xpk+1α,β
)
, (α, β) ∈ A1
pn+m(−1)me χ1
(
β(1 − c−1)− (α+ β)xpk+1α,β
)
, (α, β) ∈ Y¯1.
If ne is even, α 6= −β = βp
n−k
and −αc 6= βc−1 6= (−βc−1)pn−k (we let here
and below C1, C2 be the sets of (α, β) such that A
q−1
pe+1 = (−1)me , respectively,
21
A′
q−1
pe+1 = (−1)me ), then Sα,βS−αc,−βc−1 equals
−pn+eχ1
(
β(1− c−1) + (αc+ βc−1)xpk+1
−αc,−βc−1
)
, (α, β) ∈ (C¯1 ∩A2) ∪ (C1 ∩ Y¯2)
pnχ1
(
β(1− c−1) + (αc+ βc−1)xpk+1
−αc,−βc−1
)
, (α, β) ∈ C1 ∩ Y¯2
pn+eχ1
(
β(1 − c−1) + (αc+ βc−1)xpk+1
−αc,−βc−1
)
, (α, β) ∈ C1 ∩A2.
Similarly, when ne is even, α 6= −β 6= βp
n−k
and−αc 6= βc−1 = (−βc−1)pn−k ,
then Sα,βS−αc,−βc−1 equals
−pn+eχ1
(
β(1− c−1)− (α+ β)xpk+1α,β
)
, (α, β) ∈ (C¯2 ∩A1) ∪ (C2 ∩ Y¯1)
pnχ1
(
β(1− c−1)− (α+ β)xpk+1α,β
)
, (α, β) ∈ C2 ∩ Y¯1
pn+eχ1
(
β(1 − c−1)− (α+ β)xpk+1α,β
)
, (α, β) ∈ C2 ∩A1.
Finally, if ne is even, α 6= −β 6= βp
n−k
and −αc 6= βc−1 6= (−βc−1)pn−k ,
then Sα,βS−αc,−βc−1 equals

−pn+eχ1
(
β(1− c−1)− (α+ β)
(
x
pk+1
α,β − x
pk+1
−αc,−βc−1
))
, (α, β) ∈ (A1 ∩ Y¯2) ∪ (Y¯1 ∩A2)
pn+2eχ1
(
β(1− c−1)− (α+ β)
(
x
pk+1
α,β − x
pk+1
−αc,−βc−1
))
, (α, β) ∈ A1 ∩A2
pnχ1
(
β(1− c−1)− (α+ β)
(
x
pk+1
α,β − x
pk+1
−αc,−βc−1
))
, (α, β) ∈ Y¯1 ∩ Y¯2.
4 Concluding Remarks
It would be interesting to see what the entries of the c-BCT are for other
functions of interest, like the known PcN or APcN (for all c 6= 0). We hope
to see other applications and refinements of our methods, as well as contin-
ued progress in computing the c-differential and c-boomerang uniformity for
other classes of functions.
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